Matter Density and Relativistic Models of Wave Function Collapse 

Daniel BedinghairQ 
Blackett Laboratory, Imperial College, London SW7 2BZ, United Kingdom 

Detlef DtiriQ 

Mathematisches Institut, Ludwig-Maxtmilians-Universitat, Theresienstr. 39, 80333 Miinchen, Germany 

GianCarlo Ghirardl^ 
Department of Theoretical Physics of the University of Trieste, 
and the Abdus Salam International Centre for Theoretical Physics, Trieste, 
and Istituto Nazionale di Fisica Nucleare, Sezione di Trieste, Italy 

Sheldon Goldsteiri 

Departments of Mathematics, Physics and Philosophy, Rutgers University, 
Hill Center, 110 Frelinghuysen Road, Piscataway, NJ 08854-8019, USA 

Roderich Tumulkc§ 

Department of Mathematics, Rutgers University, Hill Center, 
110 Frelinghuysen Road, Piscataway, NJ 08854-8019, USA 

Nino ZanghiB 

Dipartimento di Fisica dell'Universitd di Genova and INFN sezione di Cenova, Via Dodecaneso 33, 16146 Cenova, Italy 

(Dated: August 15, 2012) 

Mathematical models for the stochastic evolution of wave functions that combine the unitary 
evolution according to the Schrodinger equation and the collapse postulate of quantum theory are 
well understood for non-relativistic quantum mechanics. Recently, there has been progress in making 
these models relativistic. But even with a fully relativistic law for the wave function evolution, a 
problem with relativity remains: Different Lorentz frames may yield conflicting values for the matter 
density at a space-time point. We propose here a relativistic law for the matter density function. 
According to our proposal, the matter density function at a space-time point x is obtained from the 
wave function ip on the past light cone of x by setting the i-th particle position in \tp\^ equal to x, 
integrating over the other particle positions, and averaging over i. We show that the predictions 
that follow from this proposal agree with all known experimental facts. 



Background. — It is widely believed that in our quan- 
tum world physical facts about occurrences in space-time 
must be grounded in the wave function. There are sev- 
eral long recognized and much discussed difficulties with 
this view: 

1. To the extent that one can discern these facts in 
the wave function, they seem to originate primarily 
(if not exclusively) in wave function collapse upon 
measurement, and not in the fundamental wave 
function dynamics itself, given by Schrodinger's 
equation, which appears to be incompatible with 
collapse. 

2. The nature of these facts is rather nebulous, in part 
because the notion of measurement is itself rather 
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vague, but also because no precise specification is 
provided for the connection between the wave func- 
tion and clear structures in space-time. 

3. The facts that originate via collapse upon measure- 
ment seem very much to depend upon the choice of 
Lorentz frame and thus seem to confiict with 
special relativity. 

One way to deal with the first problem involves replac- 
ing Schrodinger's equation with a suitable stochastic evo- 
lution law for the wave function (a "law for ip" ) that re- 
mains close to the unitary Schrodinger evolution for sys- 
tems consisting of few particles but avoids superpositions 
of macroscopically different states (such as Schrodinger's 
cat) for macroscopic systems. This is the approach of 
spontaneous-collapse theories (such as the GRW the- 
ory [l^ and the CSL theory 12^, a.k.a. dynamical 
state reduction theories; hereafter, "collapse theories"), 
also considered by 0, [lO, [ll [H [H [lij , among others. 

As for the second problem, Ghirardi et al. [1| have pro- 
posed that we define a "matter density" in terms of the 
wave function; a simple example of such a specification 
will be given shortly. 



2 



To deal with the third problem, Hellwig and Kraus 
(HK) ^1^], following Bloch @, proposed that a measure- 
ment at space-time point x lead to a collapse along the 
past light cone of x. For example, for a single-particle 
system a detection at x should imply the vanishing of 
its wave function everywhere in space-time except within 
the light cone (past and future) of x. However, Aharonov 
and Albert (AA) 0,11, following Landau and Peierls [2lj , 
have effectively argued that the proposal of HK is very 
problematical. Following Bloch, they insist that upon 
measurement the effect of the associated collapse must 
be allowed to depend upon the choice of Lorentz frame. 
More generally, the wave function must be regarded, ac- 
cording to AA, as depending upon a choice of spacelike 
hypersurface, with different surfaces that locally agree 
sometimes supporting wave functions — and hence facts — 
that are respectively entirely different, even locally. For 
example, consider an EPR experiment Q, in which two 
particles in the singlet spin state are widely separated in 
space, and a Stern-Gerlach experiment is carried out on 
each particle. The reduced spin state p of particle 1 (ob- 
tained by tracing out the spin of particle 2) will depend 
on the choice of hypersurface E: If S lies after the exper- 
iment on particle 2 but before that on particle 1, then p 
will be a pure state. If E lies before both experiments, 
p will be mixed. The problem of finding a consistent 
relativistic specification of facts thus remains. 

Scope. — In this paper we describe a theory that re- 
solves all the puzzles revolving around relativistic wave 
function collapse. It does this by combining aspects of 
the views of HK and AA to provide a fully relativistic 
version of spontaneous localization involving as a basic 
variable a covariant specification of matter density on 
the microscopic level. The theory follows A A in that it 
involves a wave function evolution (with spontaneous col- 
lapses) that associates a wave function with every space- 
like hypersurface (as well as with past light cones). Fol- 
lowing HK, past light cones nonetheless play a distin- 
guished role: Not, as with HK, to define the collapse of 
the wave function, but rather to define the matter den- 
sity. In our theory, the matter density at a space-time 
point x is defined in terms of the wave function asso- 
ciated with the past light cone oi x. In this way we 
obtain a fully relativistic collapse theory that, like the 
GRW theory, reproduces the quantum predictions for all 
experiments performed so far. 

Matter density. — For an interpretation of quantum 
theory to be satisfactory, we should demand that cer- 
tain local facts, such as whether a cat is dead or alive, do 
not depend on the choice of hypersurface. Fortunately, 
the macroscopic local situation is practically unambigu- 
ous in relevant collapse theories. But since the notion of 
"macroscopic" is inevitably imprecise, a satisfactory ver- 
sion of a collapse theory needs to introduce some vari- 
ables defining local facts also on the microscopic scale. 
The variable that defines local facts need not define a 
spin state for every particle. But it should define the dis- 
tribution of matter in space-time and ensure that macro- 



scopic configurations (e.g., positions of pointers of mea- 
surement instruments) are unambiguous; the technical 
name for this variable is "the primitive ontology" (PO). 
At least two different choices of PO have been suggested 
for collapse theories: "flashes" (e.g^ B S l26||) and the 
"matter density function" (e.g., (3. Isl. Il8| ) . According to 
the latter choice, matter is continuously distributed in 
space with matter density function 

N 

m{x,t) = Y,mJ d'\S'{x-q,)\Mq)\', (1) 

where q = (qi, . . . , q^) is the configuration variable of a 
non-relativistic A^-particle universe, V-'t is the wave func- 
tion of this universe at time t (as obtained from the 
stochastic law for ip), and rrii is the constant usually 
called the mass of particle number i. We call Eq. ^ 
a "law for m." Eq. ([1]) can be reformulated as m{x,t) — 
('0(|A^(a;)|i/)t), where M{x) is the mass density operator 
at a; g R^, defined on L^(R^^) to be the multiplication 

operator M{x) — J^iLi "^j ^^{^ ~ Qi)- 

Since matter is distributed continuously, there are 
strictly speaking no particles according to this theory. 
Nevertheless, we will often adopt conventional language 
and speak of particles, thereby meaning the variables 
in the wave function. It is known that with the PO 
given by (either flashes or) a matter density function, 
the empirical predictions of the GRW and CSL theo- 
ries deviate from those of standard quantum theory only 
so slightly that experimental tests distinguishing them 
from standard quantum theory are not possible to date 
[E [m 113) [IS 01 1 though possible in principle. 

Eq. ([T]) is not Lorentz invariant because it involves in- 
tegrating over all positions at the same time t, so that 
for any space-time point x the value of m{x) depends on 
the Lorentz frame chosen for evaluating Eq. ([T|). 

Relativistic law for ip. — Progress to date towards a 
relativistic law for tp involving spontaneous collapse in- 
cludes: a toy model providing a Lorentz- invariant process 
for -0 in terms of given "measurement" events [l3|. Sec. 7]; 
a relativistic CSL process for the state vector of a quan- 
tum held theory J^, 24] which, however, suffers from 
divergences; a recent modification of that process avoid- 
ing the divergences @; and a relativistic GRW process 
for the state vector of TV non-interacting spin-i particles 
in an external field [26!|. 

Our scheme works with any of these laws for tp; we 
only use that the law for tp has the properties (P1)-(P4) 
below. We use the Schrodinger picture in the Tomonaga- 
Schwinger variant, in which with every spacelike hyper- 
surface E there is associated a vector in a Hilbert 
space with \\ipT,\\ = 1- It will sometimes be conve- 
nient to work in a representation using a separate Hilbert 
space Jift for every S, with ip^: G For simplicity, we 
assume that the world history begins on a spacelike hy- 
persurface Eg, say at a big bang singularity; however, 
this assumption is not indispensable. For any space-time 
point X = x^ = {x,t), let PLC{x) denote the past light 
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cone of X, more precisely the hypersurface formed by the 
past hght cone of x (down to its intersection with Sp) 
together with the part of Sq outside the past of x. We 
use that: 

(PI) Given an initial wave function ■00 on Sq (and pos- 
sibly further data) , the law for ^ specifies the joint 
distribution of all -^s with E in the future of Sq- 

(P2) Apart from spacelike hypersurfaces, the S in (PI) 
can also be PLC{x) for any space-time point x. 

(P3) In situations in which the unitary Schrodinger 
evolution would lead to a superposition i/je = 
CaV'^"^ of macroscopically different contribu- 
tions ^/i^"^ (with IIV'*-"''!! = l)j the law for -0 yields 
~ 0^"-' with probability close to |cqP. 

(P4) For any two hypersurfaces E, S' after a local mea- 
surement at a space-time point y, ip^ and ip^' select 
the same a of that measurement (using the nota- 
tion of (P3)). 

Property (P3) is a basic feature of collapse theories 
For the models of H, M, IH, HI, i^, (PI), (P3), and 
(P4) are true. Property (P2) also holds whenever the 
unitary evolution (without collapse) extends to lightlike 
hypersurfaces; although lightlike hypersurfaces are often 
not Cauchy hypersurfaces, this is known to be true ^2§\ 
at least for systems (with suitable potentials) containing 
no massless particles. 

Relativistic law for m. — We propose the following rel- 
ativistic law for m, which was outlined in [23| using 
ideas from 1131: 



(2) 



where (-I-) is the inner product in J'i^plc(x), a-nd 
MpLC(x){x) is the mass density operator at x in 
'^'^PLC(x)- If MpLC(x)(p) is a 4- vector or tensor, then so 
is m{x). We shall call a theory such as described above, 
based on ^ and (Pl)-P(4), a relativistic matter density 
based collapse theory. 

As a concrete example, if the law for is a collapse ver- 
sion of a quantum field theory then A4 (x) should be the 
stress-energy- momentum-tensor operator T^u{x). Note 
that while for a conventional quantum field theory, i.e., 
one without spontaneous collapses and with a unitary 
time evolution, the expression (V'i;|7^i/(cc)|'0s) is inde- 
pendent of the choice of E, the expression does depend 
on E in collapse theories (because when changing E to E', 
the collapses during the evolution from E to E' may affect 
its value) — so it is relevant to specify that E = PLC{x). 

As another concrete example, consider a universe con- 
sisting of N Dirac particles. Then consists of those 
functions V : E^ ^ (C*)®^ with 



da^'i (yi) • • • da^" (yjv) V[7mi < 



where i/j is evaluated at (yi, . . . , j/at) € E^ and the 
vector- valued measure da^{y) on E is defined by the 
vector-valued differential 3-form obtained from the in- 
variant 4-form EkX^u by raising the first index. (For 
spacelike E, da^{y) — n^{y)d'^y with n^{y) the future- 
pointing unit normal vector on E at y and d'^y the vol- 
ume in the sense of the 3-metric on E. For E = PLC{x), 
da^ijj) is the Lorentz-invariant vector- valued measure on 
PLC{x) obtained as the product of the invariant vector 
field x^ — y^ on PLC{x) and the invariant scalar measure 
with coordinate expression dy^ dy"^ dy^ / (x° — y^)-) 
In this case, m{x) — m^(x) is the 4- vector field 



N . 

JpLc(xr-^^f^^ 

X i'PLC{x)ht^i^---^^t^N]'^PLC{x), (4) 

with V evaluated at (yi, . . . , yi-i,x, y^+i, . . . , yw). 

The law for to, Eq. ([2]), is relativistic and does not 
invoke any notion of simultaneity of spacelike separated 
points. In the non- relativistic limit, formally c — > oo, the 
law approaches ([T]), as PLC{x) approaches a hyperplane 



of constant time (viz., t 



in that limit. 



Quantum measurements. — Assertions ^ and (j6]) be- 
low are the crucial observations concerning the connec- 
tion between the predictions of a relativistic matter den- 
sity based collapse theory and those of standard quantum 
theory. 



Suppose that a local measurement is made at a 
space-time point y as described in (P4). Then 
in the future light cone of y, the m function is 
one in which the apparatus pointer points to 
a. That is, the to function and the ijj function 
(on any E after y) agree about the outcome. 



(5) 



(3) 



Proof: According to the law for to, Eq. ([2]), the values 
m{x) at points x in the future light cone of y represent- 
ing the pointer are determined by tppLC{x)- By (P3) and 
(P4), ipPLC{x) is (approximately) collapsed to one out- 
come a. By (P4), that a is independent of x. By ([2]), 
the to function is near zero if a; is a location at which the 
pointer would indicate an outcome ^ a but substantial 
if a: is a location indicating a. Thus, the pointer (made 
out of the TO function) points to a. By (P4), iJjy: on any 
E after y selects the same outcome a. 

As a consequence of ([S]), the outcome (defined by the 
TO function!) can be read off from ip^: on a hypersurface E 
after y, notwithstanding our insistence that the pointer 
consists of TO, not of 0. As a further consequence of ([5]) 
and (P3), the probabilities of different pointer positions 
agree (approximately) with the probabilities assigned to 
the different outcomes by the quantum formalism. The 
same is true of the joint probability distribution of several 
pointers reporting the outcomes of several local measure- 
ments at . . . , y„, as follows by applying ([S]) to each 
of the yi and to a hypersurface E after all of the yi. 
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Since any experiment ultimately consists of local mea- 
surements, we obtain that 

The empirical predictions of a relativistic mat- 
ter density based collapse theory agree (ap- 
proximately) with those of the quantum for- 
malism. 

It follows from ([6]) by virtue of Bell's theorem [7] that 
collapse theories with our law for m, Eq. ([2]), although 
relativistic, are non-local, i.e., there is faster-than-light 
action-at-a-distance. 

Example. — Consider a single particle and a detector. 
At time t = in some Lorentz frame, let the wave func- 
tion be 

V'o = ^(|y> + N))|ready), (7) 

where \y) and \z) are well-localized wave packets cen- 
tered at (distant) space points y and respectively, and 
I ready) is a state of the environment in which the detector 
is ready. Suppose that, in that Lorentz frame, the detec- 
tor is at rest at y, and the interaction between the parti- 
cle and the detector is turned on at time r > 0. Then 
has collapsed to either « fired) or « |2;)|not fired) for 
every hypersurface S after the space-time point (y, t). 
Consider the latter possibility. Then the contribution 
mi{x) to the m(x) function from the single particle ac- 
cording to Eq. ^ is as depicted in Fig. [1] left, with suit- 
able constant toq- 




y z X y z X 



FIG. 1: Space-time diagram of m{x) in the example. Semi- 
circles represent detectors, dashed lines a light cone, thick 
lines the region where mi (a;) — mo (black) or mi (a;) = mo/2 
(grey). LEFT: with one detector, RIGHT: with two detectors. 

That is, the change in m at 2; is delayed at the speed of 
light. As a consequence, there is no conservation law for 
/j, m{x) (Px — this quantity depends on E, and that is not 
a problem. Readers might worry, however, that because 
of the delay another detector at (2,r -I- e) might have a 
probability of only 1/2 (instead of 1) to be triggered. This 
is not so, as is obvious from ([6]). More directly from (P4), 
for any hypersurface S after both (y, r) and {z,t + e), 
■i/'E lias collapsed corresponding to exactly one detector 
having fired. The function mi{x) changes accordingly at 
each detection (Fig. [1] right). 

EPR-type experiments. — In these experiments, one 
performs a Stern-Gerlach experiment on each of two par- 
ticles in the singlet spin state, one in region A and one in 



B, with A and B spacelike separated; see Fig.[2l We shall 
denote by Oa, Ob & {—1,-1-1} the outcomes of these ex- 
periments. Let Si be a spacelike hypersurface after A 
and B, as in Fig. [51 and V' the wave function of the two 
EPR particles together with all relevant apparatuses. 




FIG. 2: Space-time diagram of EPR experiment together with 
some hypersurfaces; semicircles represent detectors; thick 
lines indicate where the two EPR particles can move; they 
split when passing the Stern-Gerlach magnets. 

We focus on the contribution to m from the two EPR 
particles themselves. To this end, consider a hypersur- 
face S2 that passes through A before detection, but after 
the particle has passed the Stern-Gerlach magnet; and 
likewise with S3 in B; see Fig.O 

The TO function of the EPR pair restricted to 
Si agrees (approximately) with what would 
have been obtained by a naive application of (8) 
Eq. ([T]) in a frame in which Si is a constant- 
time hypersurface. 

However: 

The statements analogous to ^ for S2 and /„^ 
S3 are generally not true. 

Proof: Claim (|8]) is shown in much the same way as ([5]), as 
follows. Let V' be again the wave function of the EPR pair 
together with all apparatus, and let us suppose Oa = +1- 
Then both ipY,-^ and tppLCix) for x on the A side of Si 
have so collapsed that the EPR particle on the A side has 
(say) wave function | right). (The word "approximately" 
in ^ refers to the fact that the coUapsed-away contri- 
bution is not exactly zero, just tiny.) Thus, m(x) = 
in the left channel and m{x) — toq in the right channel, 
in agreement with what would have been obtained from 
Eq. ([ij on Si. The same argument applies to B, which 
proves ([5]). To prove © for (say) S2, consider a hyper- 
surface S4 passing through both A and B just before the 
detection as in Fig. [2] and a wave function 

^5:4 = ^ (lleft) Iright) - Iright) |left)) |ready) (10) 

(as would arise from the spin singlet state by choosing 
the same orientation for both magnets). For x G A D 
S2, m{x) is determined by the uncoUapsed wave function 
ipPLCix) and thus is mo/2 in the left channel and too/2 
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in the right. However, since t/'Ej is collapsed thanks to 
the detection in B, it is (approximately) | right) | left), so 
Eq. ([1]) on S2 would yield a matter density on the A side 
that is in the left channel and mg in the right, q.e.d. 
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